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A direct numerical simulation of the turbulent Ekman layer at a Reynolds number of 400 was performed. Two-
point velocity and pressure correlations were plotted to identify and estimate the average sizes and locations of
instantaneous flow structures characteristic of turbulence. It was found that these structures are characterized by
elongated eddies near the surface, which broaden away from the wall. The correlations roughly align with the mean
shear direction near the surface; moving away from the wall, they exhibit tilting and lifting of downstream segments.
The u’ two-point correlation, in particular, showed significant tilting in the outer regions of the flow demonstrating
that this is a significant deviation from typical nonrotating boundary-layer behavior.

Nomenclature
L,L, = domain length in x, y directions
p = pressure
4 = pressure perturbation
ot = magnitude of velocity in wall units
R,, = autocorrelation between arbitrary variables a and b
Re = Reynolds number
Ro = Rossby number
u, v, w = streamwise, spanwise, and vertical velocity
components
u, = streamwise (etc.) fluctuating velocity component
ut, ... = streamwise (etc.) velocity in wall units
u, = friction velocity
X, ¥,z = streamwise, spanwise, and vertical coordinates
z+ = vertical coordinate in terms of wall units
AxT, = streamwise (etc.) grid spacing in wall units
) = neutral layer turbulent depth
3k = Ekman thickness
k = von Karman constant taken to be 0.41
A = Taylor microscale
v = kinematic viscosity
Q = rate of rotation

I. Introduction

A BALANCE of pressure gradient and Coriolis forces are
characteristic of the Ekman layer. The flow occurs when a
steady, horizontally homogeneous shear flow is subject to system
rotation (with respect to an inertial frame of reference). As a result of
the three-dimensional mean flow, energy transfer by means of
Coriolis redistribution results in complex interactions between
velocity components. In this work, we expand on the results of
Marlatt et al. [1], and analyze instantaneous turbulent structures
generated by the neutrally stratified Ekman layer. Although neutral
stratification rarely occurs in nature, the Ekman model is commonly
regarded as an approximation of the atmospheric boundary layer
(ABL). More frequently in nature, surface heating (or cooling)
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results in buoyancy forces. This work offers a baseline upon which
thermally stratified cases can be compared.

Turbulent structures of the Ekman layer have been considered
previously. Miyashita et al. [2] studied the evolution of material lines
in the inner and outer regions of the flow. Their results showed that
material lines near the wall were advected further in the spanwise
direction than lines initially away from the wall. This is to be
expected as the mean spanwise velocity tends toward zero in the outer
layer. Le et al. [3] also analyzed three-dimensional structures created
by impulsively moving the wall of a channel flow. Their analysis was
completed by means of joint probability density functions and
demonstrated that positive and negative vorticity respond differently
in the flow such that turbulent structures lose any spanwise symmetry
for 3-D boundary layers. Coleman provides an excellent analysis of
Reynolds number effects for the Ekman flow [4]. His results showed
that at an increased Reynolds number there was an increase in the
discernable logarithmic region of the flow. Both the friction velocity
and the angle of the surface shear stress are reduced with an increased
Reynolds number.

Taylor and Sarkar compared direct numerical simulation (DNS)
and large eddy simulation (LES) results for the Ekman layer with
thermal stratification [35]. Their LES results compared well with DNS
results when temperature was a passive scalar. However, under-
prediction of heat flux occurred when an outer layer stratification was
imposed. Their work demonstrated that small-scale motions were not
captured by the LES or represented in the applied subgrid-scale
models. Direct simulation results indicate that it is these scales
which are responsible for the entrainment of fluid into the boundary
layer [5].

The goal of this work is to determine characteristic turbulent
structures in the unstratified turbulent Ekman layer by analyzing
instantaneous flow contours as well as two-point velocity and
pressure autocorrelations. The present study avails new details of
turbulence dynamics in rotating turbulent boundary layers especially
in the near-wall region which, in turn, can be instrumental in the
parameterization of turbulence in large-scale atmospheric boundary-
layer models using time-averaged equations.

II. Governing Equations

Direct numerical simulation (DNS) of the turbulent Ekman layer
fully resolves all relevant scales so that no turbulence model is
necessary. This provides an opportunity to calculate turbulent
statistics with high fidelity provided that the flowfield is sufficiently
well resolved, hence limiting the Reynolds number achievable. The
current DNS mathematical model is based on the full, unsteady,
three-dimensional equations of motion for incompressible flows with
system rotation about the z-axis in the inertial reference frame
(Fig. 1). These are given in vector form below:
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Fig. 1 Computational domain: periodic in x and y, no-slip at z =0,
stress free at 7 =z,
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In the above equations, U, is the geostrophic velocity, the Ekman
depth (8z) is defined by 8 = /v/2, vis the kinematic viscosity, and
2 is the rate of rotation. The terms §;, and §;, refer to the Kronecker
delta. The Reynolds number is defined as Re = U,8;/v and the
Rossby number is given by Ro = U, /2Q8y. Given the definition of
the Ekman depth §, the Reynolds and Rossby numbers are related
by Re = 2Ro. The case presented here uses a Reynolds number of
Re = 400 and (consequently) a Rossby number of Ro = 200. Self-
sustaining turbulence can be generated at this Reynolds number;
previous studies [4,6-8] have shown that at Re = 400 the Ekman
flow exhibits an inertial subrange, which abides by the —5/3 scaling
if only for a small range of wavenumbers.

III. Numerical Method

A schematic of the coordinate directions is given in Fig. 1. Note
that the axis of rotation is aligned with the vertical z direction. The
boundary conditions assume periodicity in the streamwise x and
spanwise y directions. A no-slip condition is applied at z = 0 and an
impenetrable stress-free lid is imposed at z = z,,,:

al
0z

_ v

- 8_2 :wtop =0 (3)

top

top

The DNS implements the third-order time-accurate fractional-step
Runge—Kutta time integrator of Le and Moin [9]. Derivatives in the x
and y directions are computed pseudospectrally; upstream biased
finite differences (fifth-order) are used in the vertical direction. Code
validation was confirmed by Marlatt and Biringen [10] by imposing
perturbations obtained from the linear stability theory and tracking
the phase and amplitude evolution of these waves. Results showed
good agreement between the linear theory predictions and the growth
of the velocity fluctuations calculated with the DNS model. Prior
work using the present numerical model also shows excellent
agreement between comparable studies [1,7].

In the current simulations for a domain of size 2665 X 265, x
348, a uniform grid spacing of Ax™ = Ay* &~ 5.28 was used in the
x and y directions. An exponentially stretched and staggered grid was
used in the vertical direction so that gridpoints were clustered near to
the lower boundary. The spacing was such that Az}, = 0.60. It was
determined previously that this resolution was sufficient to ensure the
solution was mesh-independent [1].

The simulation was run till a quasi-steady state was reached based
on the sum of the kinetic energy in the domain. A plot of the mean
velocity in terms of wall units are provided in Fig. 2. The inner layer
captured by the DNS is well represented by QO+ = z™ up until

Fig. 2 Mean velocity profile in wall units along with inner-layer scaling
and log law. For log law: ¥ = 0.41 and B = 5.46.

approximately zt & 0.5. In the outer layer, the low Reynolds number
allows only a small region to abide by the log-law.

IV. Two-Point Correlations

In turbulent flow analysis, statistical methods offer a means of
quantifying the structure and intensity of time dependent variables.
For example, the two-point correlation offers insight into the shape
and extent of turbulent structures. Given two arbitrary variables a and
b, a two-point correlation between the two is defined as given by

R, (Ax, Ay, z1,25)

_ foffoL“ fOL a(x,y,z;, )b(x + Ax,y + Ay, z,,t) dxdy dt
thLyarms(Zl)brms(ZZ)

“)

This definition of the two-point correlation can be applied to both
velocity and pressure fluctuations. The definition of the correlation is
written in such a manner to emphasize that the results are averaged
both spatially and temporally. The spatial integration limits of L, and
L, imply that the entire x/y plane is averaged over for all values of x
and y. The time interval over which the statistics are averaged is
denoted by 7. In the present work, temporal averages were computed
using approximately 200 evenly spaced time instances while the
spatial averages were collected as averages over the horizontal (x, y)
plane. Since the domain is periodic in both x and y directions and the
boundary conditions on the top and bottom of the domain are not a
function of x or y, this is a viable way of obtaining spatial averages for
the present problem. The autocorrelation is also defined such that its
value is +1 at R,(0,0, z;,z;) if a = b and z; = z,.
Two-dimensional projections of the autocorrelations provide a
visualization of the turbulent structures throughout the domain.

V. One-Dimensional Correlations

Using the autocorrelation as defined in Eq. (4), a one-dimensional
function can be formed if z; = z, = constant and either Ax = 0 or
Ay = 0. Results were obtained for R, Ryy, Ry, and Ry .
Figure 3 shows these four autocorrelations as a function of Ax for the
nearwall region (a) and the far field (b). Note that the separation
distance has been normalized by the turbulent depth § = u,./f where
u, is the friction velocity and f is the Coriolis parameter defined as
f=2Q.

The data from Fig. 3a is located within the region where the law of
the wall (inner-layer) holds. The slow decay of the R, correlation is
the most prevalent feature of these results. A similar result to this was
noted by Coleman et al. [6]. While the other three correlations tends
to zero, the large streamwise structure is not fully captured within the
domain. In a purely laminar flow, there would be no variation in the
autocorrelation regardless of the separation. Thus, it is believed that
the slow decay of the streamwise correlation is indicative of the
viscous nature of the flow close to the wall.
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Fig. 3 Streamwise one-dimensional correlation: a) zf =z} ~ 2.60,
and b) z{ = z§ ~ 88.16.

From these result presented in Fig. 3 we can calculate the Taylor
microscale A as defined by Eq. (5) [L1]

1 d? -1/2
)M(ZT) = [_E@Ru'u'(o’ 0, ZT’ ZT)] &)
Near the wall, A(zf =2.60) ~0.178; in the far field, A(z]=

88.16) &~ 0.106. The contraction of the Taylor microscale moving

uu

ry/8

b)

Fig. 4 Spanwise one-dimensional correlation: a) zf =z} ~ 2.60, and
b)z} =z ~ 88.16.

away from the wall is to be expected as the derivative of the turbulent
fluctuations in the streamwise direction scale as the inverse of the
Taylor microscale. This shows that the gradient of the fluctuations
increases moving further away from the boundary (where viscosity
plays a smaller role in the dynamics of the flow).

While the vertical velocity correlation and the pressure correlation
tend towards zero at increased spacing, Fig. 3a shows that the
spanwise velocity displays an unusual negative correlation as large
spacings. This is amplified moving further into the boundary layer as
the correlation holds steady at a value of approximately —0.08 for all
|re/8| > 0.35.

The same correlations are shown in Fig. 4 with a spanwise
separation. It is clear that the velocity autocorrelations are much
narrower in the spanwise direction than in the streamwise. This
demonstrates the adequacy of the computational domain in the
spanwise direction. Although a slight narrowing is noted in the
pressure correlation (when compared with streamwise separation),
the difference is quite small when compared with the velocity
structures.

Up until a separation of |r,/d| <0.125, the streamwise and
spanwise correlations map quite well on top of one another. All
velocity structures show regions of negative correlation. The
presence of these regions (most notably in the spanwise and vertical
correlations) suggests the existance of vortical structres that are
aligned in the streamwise direction. Interestingly, the steamwise
correlation shows negative correlation at large separation distances
after a large region of zero correlation.

Figure 4b shows the one-dimensional spanwise correlation in the
far field. All results show a broadening of the structures with an
increase in distance from the wall.

V1. Two-Dimensional Correlations

We now present velocity and pressure correlations as functions of
two variables, effectively, looking at the average cross-section of a
turbulent structure. Presented here are three different planes of
interest: x/y — R, (Ax, Ay, z1,21), x/z7 = R, (Ax, 0,2z, z), and
y/z g Rab(ov Ay,zl,z).

A. Horizontal Projections

Shown in Fig. 5 is the R, correlation. For comparison, contours
of the u’' fluctuating velocity component are also shown at the
corresponding horizontal plane. Figure 5a demonstrates some
elongated structures that are slightly inclined from the positive r,
axis. The autocorrelation also indicates the elongated and inclined
structure shown in the velocity perturbation image. The tilt in the
autocorrelation is a biproduct of the Coriolis effect as nonrotating
boundary layers would exhibit no such inclination. It was determined
that the angle corresponds to the direction of the local shear stress.

Away from the wall (Figs. 5b and 5d), the streamwise correlation
still shows a preferred orientation for large spacing which is roughly
aligned with the streamwise direction. The contours, however, are
slightly angled in the opposite direction than in the near wall contours
for both the instantaneous results as well as the two-point
correlations.

Similarly, the x/y projection of the v’ two-point correlation is
provided in Fig. 6. As with the streamwise component, the structures
are characterized by streaky structures aligned with the local shear
near the wall. Regions of slight negative correlation are evident with
moderate spanwise spacing. Away from the wall the alignment of the
two-point correlation has shifted such that the structure aligns with its
corresponding velocity component r,. Although not included here,
moving further into the boundary layer continues this trend until the
V' is stretched only in the spanwise direction.

The vertical velocity two-point correlation in the x/y plane is
presented in Fig. 7. The most striking feature of the structure is the
much smaller scale than the results already presented. The domain is
clearly adequate to capture the entire autocorrelation. Once again, the
flow is characterized by streaky structures aligned with the mean
shear. The vertical correlation shows strong region of negative
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Fig. 5 x/y projection of u’: positive (solid line) and negative (dotted line); parts a and ¢) z} =z ~ 2.60, and parts b and d) z{ =z ~ 88.16.
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Fig. 6 x/y projection of v': positive (solid line) and negative (dotted line); parts a and ¢) z} =z ~ 2.60, and parts b and d) z{ =z ~ 88.16.
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correlation in the cross-shear direction. Moving away from the wall,
the w’ two-point correlation shows no preferred direction as the
contour becomes circular. The lack of negative correlation suggests
that vortical structures exist only in the near wall region. Since both
the u’ and v’ correlations showed stretching in the direction of the
velocity, it can be speculated that the same result will be seen for the
w’ results when viewing a x/z or y/z projection.

The pressure two-point correlation is presented in Fig. 8. At first
glance the results seem similar to those of the previous velocity
correlations. However, there are small difference that can be noted.
First, looking at Fig. 8c, the structure appears to be aligned with the
local shear stress. However, comparing this result with the previous
velocity correlations we can see that the angle of the contours is
increased slightly over the other results. Additionally, the contours
remain roughly circular until R, is approximately less than 0.5.
This result compliments those shown in Figs. 3 and 4 where little
variation is shown between directions near the wall.

Away from the wall (Fig. 8d), the correlation remains inclined at
nearly the same angle as the contours close to the wall. Thus the pres-
sure structure is affected relatively little by the distance from the wall.

B. Streamwise Projections

To gather an understanding of how the turbulent structures are
affected by the wall we will now analyze the vertical projections of
the instantaneous flowfield and the two-point correlations. The
correlations give a general idea of the shape of a turbulent structure
centered at an arbitrary z;. By looking at contours for varying z; it is
possible to determine how a structure evolves as it moves from the
viscous region into the outer layer.

Presented in Fig. 9 is a snapshot of the turbulent field at y/§ = 0.
For brevity, additional contours for different y/§ have been omitted.
Since the problem definition has no dependence on x or y, choosing
to show results at this specific location is representative of the
turbulent structures at any other plane. Note that the vertical scale is

A =0.0033

A =01

-0.5 0 0.5
r/d

c)

magnified by a factor of two so that near wall features can be seen.
The streamwise fluctuating velocity shown in Fig. 9a is characterized
by strong gradients in the vertical direction close to the wall. As was
seen in Fig. 5c, the structures appear to be elongated in the x
direction. The spanwise velocity contours show noticeable lifting
with increased x/§. The structures also are stretched in the vertical
direction further into the boundary layer. An interesting character-
istic occurs for the spanwise velocity at 0.2 < z/§ < 0.4. Moving
across the streamwise separation we see an alternating pattern of
positive and negative perturbations. Although this is only one
individual snapshot, other projections displayed the same pattern.
Little can be gathered from the vertical velocity contours although it
does appear that there is slight vertical stretching in Fig. 9c. The
fluctuating pressure contours shown in Fig. 9d lead us to believe that
the largest gradient of pressure fluctuations is in the streamwise (and
spanwise) direction. Consequently, there is noticeable stretching of
the contours in the vertical direction.

Figure 10 displays two-point correlations defined by
R, (Ax,0,7,,7) for z7 = 2.60. The streamwise correlations R,
(Fig. 10a) show stretching of the streamwise contours in the x
direction as is expected at this location. R, contours (Fig. 10b)
indicate lifting in the downstream region of the flowfield coupled
with a region of negative correlation extending higher in the
boundary layer and slightly upstream of the positive correlation
region. The R, contours show little stretching in any direction. All
three velocity components show a degree of disconnect from the
overlying flow. However, the pressure two-point correlation contours
(Fig. 10d) display vertical stretching and a sharp gradient in the
streamwise direction.

Results for z;7 = 88.16 are shown in Fig. 11. R, contours show
no vertical stretching and only a small region of negative correlation.
The v’ correlations indicate an increase in the vertical stretching
(when compared with results when zi” = 2.60). The lifting that was
previously noted has transformed into a noticeable tilt in the corre-
lation with a negative region below and downstream of the focus.
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ry/d
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-0.5 0 0.5
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Fig. 7 x/y projection of w’': positive (solid line) and negative (dotted line); parts a and ¢) z} =z} ~ 2.60, and parts b and d) z{ =z ~ 88.16.
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Fig. 8 x/y projection of p’: positive (solid line) and negative (dotted line); parts a and ¢) z{ = z3 ~ 2.60, and parts b and d) z}' =z} ~ 88.16.
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Fig. 9 x/z projection of field: positive (solid line) and negative (dotted line); a) #’, b) v',c) w’,and d) p’.
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Fig. 10 x/z projection of two-point correlations, z; = 2.60: positive (solid line) and negative (dotted line); a) R/, b) R,,/, ¢) R,,s, and d) R,
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Fig. 11 x/z projection of two-point correlations, z; = 88.16: positive (solid line) and negative (dotted line); a) R,/,/, b) R,/,/, ¢) R,,/, and d) R, .
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Fig. 14 y/z projection of two-point correlations, z; = 88.16: positive (solid line) and negative (dotted line); a) R,.,, b) R,,/, ©) R,,,, and d) R,

The vertical contours show stretching in the vertical direction with
little tilt suggesting that Coriolis force only indirectly affects the
vertical velocity. As before, the pressure contours show little
variation in the vertical direction.

C. Spanwise Projections

Presented in Fig. 12 are the fluctuating velocity and pressure
contours at x/§ = 0. The u’ contours in subplot a show a noticeable
leftward tilt. Near the surface, the streamwise field is characterized by
sharp gradients. The spanwise contours in Fig. 12b also have a slight
leftward tilt, though not to the same extent as the streamwise velocity.
InFig. 12¢c we can see the development of several structures stretched
in the z direction.

Figure 13 shows the two-point correlations near the wall with
spanwise separation. The streamwise correlation shows a rightward
tilt near the wall with opposite tilting away from the wall. A region of
negative correlation is located left of the structure. The clear tilting of
the structure is a direct effect of the Coriolis forcing. For the spanwise
and vertical correlations there are regions of negative correlation on
either side of the positive structure. A slight inclination can be found
in the spanwise and vertical correlations (Figs. 13b and 13c,
respectively) beginning at approximately z/6 = 0.05. For the
spanwise correlation, this tilt extends into the negative correlation
region. The pressure correlation is noticeably narrower than the
structure shown in Fig. 10d and includes regions of negative
correlation deep in the layer.

Viewing the structures centered away from the wall (Fig. 14), the
most noticeable feature is the near constant tilt in the contours for the
R, autocorrelation. It is surmised that this tilt is due to the vertical
gradient of the mean shear and Reynolds shear stress vectors [1]. This
dominant leftward tilt is not noted in any of the other contours
presented for spanwise separation. The spanwise contours broaden
further from the wall and a slightly tilted region of negative
correlation appears under the center of the spanwise correlation. As

with the w’ velocity contours, the R/, correlation tends to align with
the direction of the velocity component. Little change is noted
between the pressure contours near the wall and further into the
boundary layer.

VII. Conclusions

This study investigated one-dimensional and two-dimensional
two-point correlations for the turbulent Ekman layer. Results show
that the turbulent structures share common traits to nonrotating flows
including channel and boundary-layer flows. Near the wall, the
structures are elongated in the streamwise direction while aligning
with the local shear direction. Broadening in the spanwise direction
of the eddies may be attributed to the energy transfer between the
vertical fluctuating velocity and the spanwise variances through
the return-to-isotropy pressure strain terms [7]. Moving away from
the wall the eddies demonstrate downstream lifting characteristic of
nonrotating boundary layers. The most notable difference between
the turbulent Ekman layer and other boundary layers is apparent in
the R, correlation. The opposite tilting evident in the presented
contours is attributed to the vertical variation in the direction of the
Reynolds stress and mean velocity gradient vectors [1].
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